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Abstract
The phase structure of the d = 3 Nambu-Jona-Lasinio model in curved spacetime is
considered to leading order in the 1/N–expansion and in the linear curvature approximation.
The possibility of a curvature-induced first-order phase transition is investigated numerically.
The dynamically generated fermionic mass is calculated for some values of the curvature.
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1. Four-fermion models provide a very useful laboratory for the analytical study of com-
posite bound states and dynamical symmetry breaking. A particularly interesting theory
belonging to this class is the d = 3 four-fermion model, which is the natural d = 3 analog of
the well-known Nambu-Jona-Lasinio model [1] (for a recent discussion, in connection with
dynamical symmetry breaking in electroweak interactions, see [2]). This model is known to
be renormalizable in the 1/N–expansion [3], and has a quite interesting phase structure in
d = 3 flat space with non-trivial topology [4]. From a different point of view, the d = 3
four-fermion model can be considered as the high-temperature phase of the corresponding
d = 4 model, what gives an additional motivation for its study. Let us also recall that four-
fermion models are interesting, in general, as effective theories of QCD (for a comprehensible
introduction to QCD, see [5]).
Recently, a careful investigation of the d = 4 four-fermion theory (i.e., the Nambu-Jona-
Lasinio model [1]) in curved spacetime has been undertaken [6]-[8]. In particular, it has been
shown in detail the existence of a first-order phase transition —induced by the curvature—
from the chiral symmetric phase to the chiral non-symmetric one [7, 8]. The dynamical
generation of the fermion mass due to curvature effects has also been discussed —a process
that may have interesting applications in the very early universe (see, for example, [9]).
In the present note we will investigate the d = 3 four-fermion model in curved spacetime.
The effective potential for the composite field ψ¯ψ will be calculated in the 1/N–expansion
and its phase structure will be discussed. In particular, the possibility of chiral symmetry
breaking and the influence of curvature in this phenomenon will be studied.
2. Our starting point is the Lagrangian of the d = 3 four-fermion model in curved spacetime:
L = ψ¯iγµ(x)∇µψ
i −
Nσ2
2λ
− σψ¯iψi, (1)
where i = 1, . . . , N , and N is the number of fermion species. The Lagrangian (1) is equivalent
to the four-fermion model, what is easily seen by solving for the equation which involves the
composite field σ. Working in the linear curvature approximation and using the technique
described in detail in [7] —for the d = 4 Nambu-Jona-Lasinio model— we obtain, after
some calculations, the effective potential for the composite field σ to leading order in the
1/N–expansion (we shall spare the reader the details of the rather tedious computation)
V (σ) =
σ2
2λ
−
1
3pi2
[
Λ3 ln
(
1 +
σ2
Λ2
)
+ 2σ2
(
Λ− σ arctan
Λ
σ
)]
−
R
36pi2
(
2σ2Λ
Λ2 + σ2
− 3σ arctan
Λ
σ
)
. (2)
Here Λ is a cut-off, and the curvature is considered to be arbitrary, but small, so that it is
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meaningful to keep only linear curvature corrections to the flat potential, dropping O(R2)-
terms and those of higher order.
We now start with the analysis of Eq. (2). Consider first the case R = 0. Then, if
λ < λc = pi
2/(2Λ), it turns out that σ = 0 is the minimum of the potential and the theory
is in its chiral symmetric phase. If, on the other hand, λ > λc = pi
2/(2Λ), then σ = 0 is a
maximum, and the minimum of the effective potential is now given by the solution of the
equation
σ
Λ
arctan
Λ
σ
= 1−
λc
λ
. (3)
In this region the chiral symmetry of the classical Lagrangian is broken. One may ask for
finiteness of σ as Λ → ∞. This can be obtained by means of the corresponding standard
renormalization of λ:
λ =
λc
Λ
σ
Λ
σ
− arctan Λ
σ
. (4)
The corresponding “β-function” is defined as (see, for instance, Ref. [10])
β = lim
Λ→∞
∂λ
∂ log Λ
=
λ
λc
(λc − λ) . (5)
Such a β-function indicates that λc is an ultraviolet stable fixed point.
3. Let us now proceed with the numerical computation of the effects of curvature on chiral
symmetry breaking. The conditions for a first-order phase transition are given by
V (σ)|σ=σ0 = 0,
∂V (σ)
∂σ
∣∣∣∣∣
σ=σ0
= 0, (6)
which yield a minimum of V (σ). They can be written as: y(t) = 0, y′(t) = 0, namely
t2
x
−
1
3
[
ln
(
1 + t2
)
+ 2t2
(
1− t arctan
1
t
)]
−
ρ
36
(
2t2
1 + t2
− 3t arctan
1
t
)
= 0,
2t
x
− 2t
(
1− t arctan
1
t
)
−
ρ
36
[
4t
(1 + t2)2
+
3t
1 + t2
− 3 arctan
1
t
]
= 0 (7)
where
t ≡
σ
Λ
, y ≡
V
Λ3
, x ≡
λ
λc
, ρ ≡
R
Λ2
. (8)
It can be checked that the solution, t0, of these two equations readily satisfies y
′′(t0) > 0 (for
x > 1), with
y′′(t) =
2
pi2
{
1
x
− 2 +
1
1 + t2
+ 2t arctan
1
t
−
ρ
36
[
8
(1 + t2)3
−
3
(1 + t2)2
]}
, (9)
and it is thus, in fact, a minimum of y(t). Numerical results, corresponding to several values
of λ/λc, together with the respective values of the critical curvature Rc/Λ
2 in each case, are
given in Table 1.
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λ/λc Rc/Λ
2 σ0/Λ
1.03 0.00158 0.014
1.10 0.016 0.046
1.27 0.10 0.12
2.00 0.80 0.39
Table 1: Numerical values of the dynamical fermionic mass σ0/Λ at the point of the curvature-
induced phase transition —together with the respective values of the critical curvature Rc/Λ
2—
corresponding to a sample of values of x ≡ λ/λc > 1.
Table 1 shows how the dynamically generated fermionic mass changes in terms of the
value of the corresponding critical curvature, for several particular values of λ > λc. Notice
that in all the cases considered, the critical curvature is always smaller than 1, and also
clearly Rc/Λ
2 < σ0/Λ (this improves for λ approaching λc), while Rc is of the order of σ
2
0
.
However, observe also that while this last bound improves when λ departs from λc, λ > λc,
then the value of Rc/Λ
2 approaches 1. One reaches a compromise for
1.1 <
λ
λc
< 1.5,
where all the requirements of the theory are met. The results are given in Figs. 1-3, where
the values of V/Λ3 as a function of σ/Λ are depicted, for x ≡ λ/λc = 1.272 and Rc/Λ
2 equal
to 0.05 (Fig. 1), 0.10 (Fig. 2), and 0.15 (Fig. 3), respectively. Finally, Fig. 4 is a surface plot
of the effective potential V/Λ3 as a function of both σ/Λ and R/Λ2, in the intervals [0, 0.2]
and [0.05, 0.15], respectively, for fixed x ≡ λ/λc = 1.272. Notice that Figs. 1-3 correspond
to the extreme and middle xz-sections of this surface plot.
4. To summarize, we have here investigated the influence of curvature to the chiral symmetry
breaking pattern of the d = 3 Nambu-Jona-Lasinio model. As happens in the case of the
four-dimensional model [7] (and within the approximation at which we are working), we
have shown that a first-order phase transition induced by curvature does also take place for
d = 3. Of course, this is a result obtained by using the linear curvature approximation. It
would be of interest to study the same model in the strong curvature phase, for instance,
considering it immersed in a general De Sitter space. Then, the phase structure at arbitrarily
high curvature could be investigated. There exists thus the possibility that chiral symmetry
could be broken even in the region λ < λc —where the corresponding theory in flat space is
in its chiral symmetric phase.
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Figure captions
Figure 1. Plot of the effective potential V/Λ3 as a function of σ/Λ in the interval [0, 0.2],
for fixed values of x ≡ λ/λc = 1.272 and R/Λ
2 = 0.05.
Figure 2. The effective potential V/Λ3 as a function of σ/Λ in the interval [0, 0.2], for
the same x ≡ λ/λc = 1.272, but now R/Λ
2 ≡ Rc/Λ
2 = 0.10. The numerical value of the
dynamically generated fermionic mass σ0/Λ = 0.12 can be explicitly taken from the plot in
this case.
Figure 3. Plot of V/Λ3 as a function of σ/Λ in the interval [0, 0.2], again for x ≡ λ/λc =
1.272, but now R/Λ2 = 0.15.
Figure 4. Surface plot of V/Λ3 as a function of both σ/Λ and R/Λ2, in the intervals [0, 0.2]
and [0.05, 0.15], respectively, for fixed x ≡ λ/λc = 1.272. Figs. 1-3 correspond to the extreme
and middle xz-sections of this plot.
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